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Abstract
In this paper, by modifying the argument shift method, we prove Li-
ouville integrability of geodesic flows of normal metrics (invariant Einstein
metrics) on the Ledger-Obata n-symmetric spaces Kn/diag(K), where K
is a semisimple (respectively, simple) compact Lie group.
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1 Introduction
Invariant Geodesic Flows. We study integrability of G-invariant geodesic
flows on a class of homogeneous spaces
Q = G/H, G = K × · · · ×K︸ ︷︷ ︸
n
, H = diag(K) = {(g, . . . , g) | g ∈ K}, (1)
where K is a compact connected semisimple Lie group. The homogeneous space
Q is diffeomorphic to the direct product Kn−1, however as a G-homogeneous
space it is a basic example of a n-symmetric Riemannian space, see Ledger and
Obata [9].
Let g = kn = k1⊕ k2⊕ · · · ⊕ kn, h = {(x, . . . , x) |x ∈ k}, k be the Lie algebras
of G, H and K, respectively (ki ∼= k is the i-th factor). For simplicity, both
negative Killing forms on g and k will be denoted by 〈·, ·〉. Let
g = h⊕ v, v = {x = (x1, . . . , xn) ∈ k
n |x1 + · · ·+ xn = 0} (2)
be the orthogonal decomposition with respect to the Killing form.
The linear subspace v can be naturally identified with Tρ(e)Q, where ρ :
G→ Q = G/H is the canonical projection. Then G-invariant metrics on Q, via
1
restrictions to Tρ(e)Q ∼= v, are in one-to-one correspondence with AdH -invariant
scalar products (e.,g., see [1])
( · , · )v = 〈I( · ), · 〉, I : v→ v, I ◦Adh = I ◦Adh, h ∈ H. (3)
The negative Killing form itself defines normal (or standard) metric ds20 [1].
Note that, in the case when K is a simple group, the normal G-invariant metric
on Q is Einstein (see Wang and Ziller [22]). Besides, Nikonorov proved that,
up to the isometry and homothety, the homogeneous space Q for n = 3 (n ≥ 4)
admits exactly (respectively, at least) two G-invariant Einstein metrics [17].
General Setting. Let F be a collection of functions closed under the Poisson
bracket on a Poisson manifold (M, {·, ·}) and let Λ be the Poisson bivector
related to {·, ·}. Consider the linear space Fx ⊂ T
∗
xM spanned by differentials of
functions in F . Suppose that the numbers dimFx and dim kerΛ|Fx are constant
almost everywhere on M and denote them by ddim F and dind F , respectively
(differential dimension and differential index of F). The set F is called complete
if: ddim F+dind F = dimM+corank {·, ·}. It is complete at x ∈M if dimFx+
dimkerΛ|Fx = dimM + kerΛ, i.e., Fx is isotropic: F
Λ
x ⊂ Fx, F
Λ
x = {ξ ∈
T ∗xM |Λx(ξ,Fx) = 0}.
The Hamiltonian system f˙ = {f, h} is completely integrable in the non-
commutative sense if it possesses a complete set of first integrals F . Then
(under compactness condition) M is almost everywhere foliated by (dind F −
corank {·, ·})-dimensional invariant tori. As in the Liouville theorem, the Hamil-
tonian flow restricted to regular invariant tori is quasi-periodic (see [16, 13, 4,
23]). Mishchenko and Fomenko stated the conjecture that non-commutative in-
tegrable systems are integrable in the usual commutative sense by means of in-
tegrals that belong to the same functional class as the original non-commutative
integrals [13]. In the analytic case, when F is a finite-dimensional Lie algebra,
the conjecture has been proved by Sadetov [20]. The conjecture is also proved
in C∞-smooth case for infinite-dimensional algebras (see [4]).
Now, let Q = G/H be a homogeneous space of a compact Lie group G,
Φ : T ∗Q → g∗ be the momentum mapping of the natural G-action on T ∗Q,
F1 = Φ
∗(R[g]) be the set of Noether’s functions and F2 be the set of G-invariant
functions, polynomial in momenta. Both F1 and F2 are Lie subalgebras of
(C∞(T ∗Q), {·, ·}), where {·, ·} is the canonical Poisson bracket. From Noether’s
theorem we have {F1,F2} = 0. Also F1 + F2 is a complete set of functions on
T ∗Q (see Bolsinov and Jovanovic´ [3, 5]).
The Hamiltonian function H0 of the normal metric ds
2
0 is a Casimir function
within F2, so it Poisson commute both with F1 and F2. Thus the geodesic flow
of the normal metric is completely integrable in the non-commutative sense by
means of analytic functions, polynomial in momenta.
Integrable Pairs. Within the class of Noether’s integrals F1, for example by
using the argument translation method [12], one can always construct a complete
commutative subset of function F0 ⊂ F1 (ddim F
0 = 12 (ddim F1 + dind F1)).
2
Thus, for the case of the geodesic flow of the normal metric, the Mishchenko-
Fomenko conjecture reduces to the construction of a complete commutative
subset F ⊂ F2:
ddim F =
1
2
(ddim F2 + dind F2) . (4)
Indeed, from the completeness of F1 + F2 it follows that F
0 + F is a complete
commutative set on T ∗Q (see [3, 5]).
If the required subset F ⊂ F2 exist, we say that (G,H) is an integrable pair.
In [5] the conjecture is stated that all pairs (G,H) are integrable. If (G,H)
is a spherical pair, in particular if G/H is a symmetric space, the algebra F2
is already commutative. In this case we need only Noether’s integrals F1 to
integrate the geodesic flow (see Mishchenko [11], Brailov [6] and Mikityuk [14]).
There are several known classes of integrable pairs (see [3, 5, 15, 8]) but the
general problem rest still unsolved. For a related problem on the integrability
of geodesic flows on homogeneous spaces of noncompact Lie groups see, e.g.,
[7, 10].
Results and Outline of the Paper. Let Q = G/H be the Ledger-Obata
n-symmetric space (1). By using the flag of subalgebras
g1 = k1 ⊂ g2 = k1 ⊕ k2 ⊂ · · · ⊂ gn = g = k1 ⊕ · · · ⊕ kn, (5)
we modify the argument shift method to construct a complete set of polynomials
on g with respect to the usual Lie-Poisson bracket (Theorem 2, Section 2).
It allows us to find a complete commutative subset of polynomials within F2
(Theorem 3, Corollary 2, Section 2) implying:
Theorem 1 The geodesic flow of the normal metric on the Ledger-Obata n-
symmetric space (1) is Liouville integrable by means of analytic integrals, poly-
nomial in momenta.
As a corollary, the complete commutative integrability of the geodesic flows
of invariant Einstein metrics constructed by Nikonorov [17] (Corollary 3, Section
3) is obtained.
2 Liouville Integrability of Geodesic Flows
H-invariant Euler Equations. Consider the left trivialization T ∗G ∼= g×G,
where the identification g∗ ∼= g is given by 〈·, ·〉. Let Iˆ : g → g be a positive
definite operator which defines left-invariant metric ds2
Iˆ
on G.
The left G-reduction of the geodesic flow of the metric ds2
Iˆ
is described by
the Euler equations on g∗ ∼= g:
x˙i = [xi, ξi], ξi = ∇xi hˆ(x1, . . . , xn) = prki Aˆ(x1, . . . , xn), i = 1, . . . , n, (6)
where hˆ = 12 〈Aˆ(x), x〉 is the Hamiltonian, Aˆ = Iˆ
−1 and prki is the projection to
i-th factor: prki(x1, . . . , xn) = xi.
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The Euler equations are Hamiltonian with respect to the Lie-Poisson bracket
(the product of the Lie-Poisson brackets on factors ki):
{f, g}(x1, . . . , xn) = −
n∑
i=1
〈xi, [∇xif,∇xig]〉. (7)
The right H-action on T ∗G is Hamiltonian with momentum mapping, in the
left-trivialization, given by
µ(x) = x1 + · · ·+ xn. (8)
The geodesic flow is invariant with respect to the right H-action if and only
if the Hamiltonian hˆ is AdH -invariant, i.e,
〈[x, h], Aˆ(x)〉 = 0 ⇔ prh[Aˆ(x), x] = 0 ⇔
n∑
i=1
[prki Aˆ(x), xi] = 0,
where we used
prh(x1, . . . , xn) =
1
n
(x1 + · · ·+ xn, . . . , x1 + · · ·+ xn). (9)
If the Hamiltonian hˆ is AdH -invariant, then the momentum µ is preserved
by geodesic flow and we can perform the symplectic reduction of the flow to
µ−1(0)/H ∼= T ∗Q. The reduced flow is the geodesic flow of a G-invariant
submersion metric on Q.
Contrary, for a given AdH -invariant positive definite operator I : v→ v, let
ds2I be a G-invariant metric defined by (3). It can be seen as a submersion metric
of an appropriate left G-invariant and right H-invariant metric ds2
Iˆ
, simply by
taking
Iˆ(x) = s · prv(x) + I prh(x), x ∈ g,
where s > 0.
Algebra of G-invariant functions on T ∗Q. The algebra F2 of G-invariant
functions on T ∗Q, polynomial in momenta, can be identified with R[v]H (AdH -
invariant polynomials on v). Within this identification, the Hamiltonian of the
metric ds2I is given by h(x) =
1
2 〈Ax, x〉, A = I
−1, while the Hamiltonian of the
normal metric ds20 is simply h0(x) =
1
2 〈x, x〉. Further, the canonical Poisson
bracket on T ∗Q corresponds to the restriction of the Lie-Poisson bracket (7) to
R[v]H (see Thimm [21]):
{f, g}v(x) = −〈x, [∇f(x),∇g(x)]〉, f, g : v→ R. (10)
Let gx, hx and kxi be isotropy algebras of x and xi in g, h and k.
Consider the space jx ⊂ v spanned by gradients of all polynomials in R[v]
H .
For a generic point x ∈ v we have (see [5, 15]):
jx = ([x, h]
⊥) ∩ v = {η ∈ v | 〈η, [x, h]〉 = 0} = {η ∈ v | [x, η] ⊂ v}.
jx = {(ξ1, . . . , ξn) ∈ g |
n∑
i=1
ξi = 0,
n∑
i=1
[xi, ξi] = 0}.
4
The Poisson bracket (10) on the algebra R[v]H corresponds to the restriction
of the Lie-Poisson bivector
Λx = λx1 × · · · × λxn : g× g→ R, (11)
λξ : k× k→ R, λξ(η1, η2) = −〈ξ, [η1, η2]〉, ξ, η1, η2 ∈ k
to jx. Denote this restriction by Λ¯. Note that the kernel of Λ¯x is [5]:
ker Λ¯x = prv kerΛx = prv gx = prv(kx1 , . . . , kxn) ⊂ jx.
Here, for simplicity, the gradient operator with respect to the restriction of
〈·, ·〉 to v is also denoted by ∇.
Note that (10) is a Poisson bracket within R[v]H , while it is an almost-
Poisson bracket within the algebra of polynomials on v (it does not satisfies the
Jacobi identity).
We have the following simple basic statement.
Lemma 1 The differential dimension and index of R[v]H are given by:
ddim R[v]H = (n− 2) dimK, dind R[v]H = n rankK. (12)
Proof. The differential dimension of R[v]H is equal to the codimension of a
generic orbit AdH(x) within v, that is ddim R[v]
H = dim jx = dim v− dimH +
dim hx, for a generic x ∈ v. Since
dim hx = dim(kx1 ∩ · · · ∩ kxn) = 0, (13)
for a generic x ∈ v, we obtain the first relation in (12). On the other side, from
(13) we get
dind R[v]H = dimker Λ¯x = dimprv gx = dim gx − dim hx
= dim gx = dim kx1 + · · ·+ dim kxn = n rankK,
for a generic x ∈ v. ✷
Let R[k]K be the algebra of AdK-invariant polynomials on k. It is generated
by r = rankK-invariant homogeneous polynomials f1, . . . , f r. The algebra of
AdG-invariant polynomials on g is then generated by n rankK polynomials
Z = {fαi = f
α ◦ prki | i = 1, . . . , n, α = 1, . . . , r}
and the restrictions of invariants Z to v give n rankK independent Casimir
functions of R[v]H .
Translation of Argument and Flag of Subalgebras. Mishchenko and
Fomenko showed that the set of polynomials induced from the invariants by
shifting the argument A = {fαa,k(x) | k = 1, . . . , deg f
α, α = 1, . . . , r},
fαa,t(x) = f
α(x+ ta) =
deg fα∑
k=0
fαa,k(x)t
k,
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is a complete commutative set on k:
ddim A =
1
2
(dimK + rankK), (14)
for a generic a ∈ k (see [12, 2, 19]). As was already mentioned, the argument
shift method allows us to construct a complete commutative subalgebra in F1.
Now we shall modify the method, by using the flag of subalgebras (5) to use it
to construct such a subalgebra within F2.
Let
B = B1 + B2 + · · ·+ Bn−1 + Z,
Bi = {f
α
i,k(x) | k = 1, . . . , deg f
α, α = 1, . . . , r},
where polynomials fαi,k(x) are defined by:
fαi,t(x1, . . . , xn) = f
α(x1 + · · ·+ xi + txi+1) =
deg fα∑
k=0
fαi,k(x1, . . . , xn)t
k. (15)
Theorem 2
(i) The set B is a commutative set of AdH-invariant polynomials on g.
(ii) The set B + µ∗(R[k]) is a complete set of polynomials on g. In particular,
if A is any complete commutative set on k, then B + µ∗(A) will be a complete
commutative set on g.
Proof. Step 1. The polynomial in B are AdH -invariant. Indeed, let h =
(k, . . . , k) ∈ H . Then
fαi,t(Adh(x)) = f
α(Adk(x1) + · · ·+Adk(xi) + tAdk(xi+1))
= fα(Adk(x1 + · · ·+ xi + txi+1))
= fα(x1 + · · ·+ xi + txi+1) = f
α
i,t(x).
Step 2. The set B is involutive. Take polynomials fαi,t1(x) and f
β
j,t2
(x) given
by (15).
Let ∇fα = ∇fα|x1+···+xi+t1xi+1 and ∇f
β = ∇fβ |x1+···+xj+t2xj . Then
[∇fα, x1 + · · ·+ xi + t1xi+1] = 0, [∇f
β , x1 + · · ·+ xj + t2xj+1] = 0 and
∇fαi,t1(x) = (∇f
α, . . . ,∇fα︸ ︷︷ ︸
i
, t1∇f
α, 0, . . . , 0), (16)
∇fβj,t2(x) = (∇f
β , . . . ,∇fβ︸ ︷︷ ︸
j
, t2∇f
β , 0, . . . , 0). (17)
First, consider the case i < j. We have
{fαi,t1 , f
β
j,t2
}(x) = −〈x1, [∇f
α,∇fβ]〉 − · · · − 〈xi, [∇f
α,∇fβ]〉
−t1〈xi+1, [∇f
α,∇fβ]〉
= −〈x1 + · · ·+ xi + t1xi+1, [∇f
α,∇fβ]〉
= 〈[∇fα, x1 + · · ·+ xi + t1xi+1],∇f
β〉 = 0.
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Now, let i = j. Then we have
{fαi,t1 , f
β
i,t2
}(x) = −〈x1 + · · ·+ xi, [∇f
α,∇fβ ]〉
−t1t2〈xi+1, [∇f
α,∇fβ ]〉
= −〈x1 + · · ·+ xi + t1xi+1, [∇f
α,∇fβ ]〉
+t1〈xi+1, [∇f
α,∇fβ ]〉
−t1〈x1 + · · ·+ xi + t2xi+1, [∇f
α,∇fβ]〉
+t1〈x1 + · · ·+ xi, [∇f
α,∇fβ]〉
= t1〈x1 + · · ·+ xi + xi+1, [∇f
α,∇fβ]〉.
In the same way:
{fαi,t1 , f
β
i,t2
}(x) = t2〈x1 + · · ·+ xi + xi+1, [∇f
α,∇fβ ]〉.
Therefore {fαi,t1 , f
β
i,t2
} = 0 for t1 6= t2 and taking the limit t1 7→ t2, we get
{fαi,t1 , f
β
i,t2
} = 0
for all t1, t2. It follows that {B,B} = 0. Item (i) is proved.
Step 3. For a generic x1, . . . , xi, due to the Mishchenko-Fomenko shifting
of argument method, the set of polynomials Bi, considered as polynomials in
variable xi+1, form a complete set on ki+1 with respect to the corresponding
Lie-Poisson bracket. Therefore
dim prki+1 Bi,xx =
1
2
(dimK + rankK), Bi,x = span {∇f
α
i,k(x)}, (18)
for a generic x ∈ g.
Let Bx be the linear space spanned by gradients of polynomial in B at x ∈ g.
From (18) we get
dimBx ≥ rankK + dimprk2 B1,x + · · ·+ dimprkn Bn−1,x
≥ rankK +
n− 1
2
(dimK + rankK), (19)
where we used that B contains invariants in variable x1. Thus ddim B ≥
1
2 ((n−
1) dimK + (n+ 1) rankK).
Step 4. Fix a generic (n dimK − n rankK)-dimensional adjoint orbit
O = AdG(x1, . . . , xn) = O1(x1)× · · · × On(xn), Oi(xi) = AdK(xi),
such that (13) holds. This mean that the action of H = diag(K) is locally free.
The orbit O with the Konstant-Kirillov symplectic form ω is a symplectic
leaf in (g, {·, ·}). The AdH -action, restricted to O, is Hamiltonian with the
momentum mapping (8) (e.g., see [18]).
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The algebra of H-invariant and Noether’s functions C∞H (O) + µ
∗(C∞(k)) is
a complete algebra on (O, ω) and
ddim C∞H (O) = (n− 1) dimK − n rankK,
ddim µ∗(C∞(k)) = dimK
ddim (C∞H (O) + µ
∗(C∞(k))) = n dimK − (n+ 1) rankK
dind C∞H (O) = dind µ
∗(C∞(k)) = rankK
dind (C∞H (O) + µ
∗(C∞(k))) = rankK
(see Theorem 2.1 and Remark 2.1 in [4], where we used that a generic AdK-
orbit in µ(O) is regular and that the AdH -action is locally free at a generic point
x ∈ O). In particular, a commutative set C ⊂ C∞H (O) is a complete subset if
ddim C =
1
2
(ddim C∞H (O) + dind C
∞
H (O)) =
n− 1
2
(dimK − rankK). (20)
Let C = {f |O | f ∈ B}. The invariants Z restricted to O are constants, so
we have
ddim C = ddim B − n rankK ≥
1
2
((n− 1) dimK − (n− 1) rankK). (21)
From (20), we get that C is a complete commutative subset of C∞H (O). In
particular, inequalities in (19) and (21) are equalities.
Since the set of B+µ∗(R[k]) is a complete set restricted to a generic symplec-
tic leaf (O, ω), it is a complete set on (g, {·, ·}). This completeness the proof.
✷
By using Theorem 2, we obtain the following integrable model. Consider a
left-invariant metric on G defined by the Hamiltonian function
hˆs,t =
n−1∑
i=1
1
2
〈si(x1 + · · ·+ xi) + tixi+1, si(x1 + · · ·+ xi) + tixi+1〉, (22)
where parameters si, ti are chosen such that hˆ is a positive definite Hamiltonian
of the left-invariant metric.
Corollary 1 The Euler equations on g determined with Hamiltonian (22)
x˙1 = [x1,
n−1∑
i=1
(
s2i (x1 + · · ·+ xi) + tisixi+1
)
],
x˙k = [xk, sk−1tk−1(x1 + · · ·+ xk−1) +
n−1∑
i=k
(
s2i (x1 + · · ·+ xi) + tisixi+1
)
],
x˙n = [xn, sn−1tn−1(x1 + · · ·+ xn−1)], k = 2, . . . , n− 1
are completely integrable.
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Lemma 2 [3] If f and g are AdH-invariant polynomials on g and {f, g} = 0,
then {f |v, g|v}v = 0, where {·, ·}v is the bracket given by (10).
Let F be the set of polynomials, obtained by restriction of polynomials in B
to v.
Theorem 3 The set F is a complete commutative subset of R[v]H .
Proof. According to Theorem 2 and Lemma 2, the set F is commutative. Fur-
ther, from (4) and Lemma 1, it is complete if and only if
ddim F =
1
2
((n− 2) dimK + n rankK). (23)
Since
Fx = span {∇xf(x) | f ∈ F} = span {prv∇f(x) | f ∈ B} = prv Bx,
we have
dimFx = dimBx − dim(Bx ∩ h). (24)
The relation (18) is satisfied for a generic x ∈ v and i < n − 1, while for
i = n − 1 it does not hold. Indeed, from x1 + · · · + xn = 0, we get that
fαn−1,t(x) = f
α((1− t)xn) = (1 − t)
deg fαfα(xn). Thus
dimBx ≥ rankK + dimprk2 B1,x + · · ·+ dimprkn−1 Bn−2,x + rankK
= 2 rankK +
n− 2
2
(dimK + rankK), (25)
for a generic x ∈ v.
On the other hand, it is obvious that
dim(Bx ∩ h) ≤ dim(span {∇f
α(xn) |α = 1, . . . , rankK}) = rankK. (26)
Combining (25), (24) and (26) we get
dimFx ≥
1
2
((n− 2) dimK + n rankK), (27)
for a generic x ∈ v. According to (23) we have ddim F ≤ 12 ((n − 2) dimK +
n rankK), i.e., the relation (27) is an equality. ✷
Let hs,t be the restriction of the Hamiltonian (22) to v and ds
2
s,t be the
corresponding G-invariant submersion metric on Q = G/H .
Corollary 2 The geodesic flow of the metric ds2s,t is completely integrable. The
complete commutative set of analytic functions, polynomial in momenta is
{τ(fαi,k|v), τ(f
α
i |v),Φ
∗(fαai,k) | i = 1, . . . , n− 1, k = 1, . . . , deg f
α, α = 1, . . . , r}.
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Here τ denotes the bijection R[v]H → F2, Φ : T
∗Q→ g∗ ∼= g is the momen-
tum mapping of the canonical G-action,
fα(xi + tai) =
deg fα∑
k=0
fαai,k(x1, . . . , xn)t
k
and ai ∈ k, i = 1, . . . , n are in generic position. That is, {f
α
ai,k
} is a complete
commutative set on g induced from the invariants by the argument translation
with a = (a1, . . . , an).
Gaudin Type Systems on G = Kn. Consider the Hamiltonian
hˆa(x) =
1
2
〈
1
a1
x1 + · · ·+
1
an
xn,
1
a1
x1 + · · ·+
1
an
xn
〉
.
The corresponding Euler equations on g = kn are
x˙i =
n∑
j=1
1
aiaj
[xi, xj ], i = 1, . . . , n. (28)
Following [18], we refer to system (28) as a Gaudin type system on kn (the
Gaudin system is originally defined for k = su(2)).
The system isH-invariant, so the momentum mapping (8) is conserved along
the flow. By using the pencil of compatible Poisson brackets (e.g., see Bolsinov
[2]) defined by the Lie-Poisson bivector (11) and the bivector
Λˆx = a1λx1 × · · · × anλxn : g× g→ R,
Panasyuk proved the integrability of equations (28) restricted to admissible
adjoint orbits O = AdG(x1, . . . , xn) for a generic value of parameters a =
(a1, . . . , an) [18]. The complete algebra of integrals is P + µ
∗(R[k]), where
P =
{
f
(
x1
t1 + a1t2
+ · · ·+
xn
t1 + ant2
) ∣∣∣ t1, t2 ∈ R, t21 + t22 6= 0, f ∈ R[k]K
}
.
The set P is commutative. It could be proved that the set of polynomials,
obtained by the restriction of polynomials in P to v is a complete commutative
subset of R[v]H .
3 Einstein Metrics
Recall that the Riemannian manifold (Q, g) is called Einstein if the Ricci cur-
vature Ric(g) satisfies the equation Ric(g) = C · g, for some constant C [1].
From now on we assume that K is a simple Lie group. The normal G-
invariant metric ds20 on (1) is Einstein (see Proposition 5.5, [22]). Up to the
isometry and homothety, the homogeneous space Q for n = 3 (n ≥ 4) admits
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exactly (respectively, at least) two G-invariant Einstein metrics that we shall
describe below.
Let (·, ·)v be an adh-invariant scalar product on v. We can diagonalize (·, ·)v
and 〈·, ·〉|v simultaneously (see [17]). Namely, let ν = (ν1, . . . , νn) ∈ R
n be an
unit vector and kν ⊂ g be a linear subspace defined by
kν = {(ν1ξ, . . . , νnξ) | ξ ∈ k}. (29)
There exist n−1 orthogonal adh-invariant irreducible submodules v1, · · · , vn−1 ⊂
v and n− 1 positive numbers s1, . . . , sn−1 such that
v = v1 ⊕ v2 ⊕ · · · ⊕ vn−1, v1 = kν1 , . . . , vn−1 = kνn−1
and
(·, ·)v = s1〈·, ·〉|v1 ⊕ s2〈·, ·〉|v2 ⊕ · · · ⊕ sn−1〈·, ·〉|vn−1 , (30)
where ν1, . . . , νn−1 is the orthonormal base of the hyperplane orthogonal to
(1, . . . , 1) ∈ Rn. The diagonalization is unique if all si are different.
Now, let ds2p,q be a G-invariant metric defined by the scalar product (30),
where
νj =
1√
j2 + j
(1, . . . , 1︸ ︷︷ ︸
j
,−j, 0, . . . , 0), j = 1, . . . , n− 1,
s1 = · · · = sn−2 = 1/p, sn−1 = 1/q. (31)
It is Einstein for p = n1/(n−1), pn−2q = 1. Moreover, for n = 3, up to isometry
and homothety, this is the only G-invariant Einstein metric different from the
normal one p = q = 1 (see [17]).
Together with the scalar product (30), (31) it is natural to consider its
extension to an AdH -invariant scalar product on g
(·, ·)g =
1
s
〈·, ·〉|h ⊕
1
p
〈·, ·〉|v1 ⊕ · · · ⊕
1
p
〈·, ·〉|vn−2 ⊕
1
q
〈·, ·〉|vn−1 (32)
and the corresponding left-invariant metric ds2p,q,s on G. Then ds
2
p,q can be seen
as a submersion metric, induced by ds2p,q,s.
The Hamiltonian of the metric ds2p,q,s, in the left-trivialization, read
hˆ =
s
2
〈prh x, prh x〉+
p
2
〈x − prh x− prvn−1 x, x − prh x− prvn−1 x〉
+
q
2
〈prvn−1 x, prvn−1 x〉. (33)
Note that the orthogonal projection to (29) with respect to the Killing form
is given by
prkν (x1, . . . , xn) = (ν1(ν1x1 + · · ·+ νnxn), . . . , νn(ν1x1 + · · ·+ νnxn)). (34)
By using (9) and (34), we easily get:
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Lemma 3 The Hamiltonian (33) has the form
hˆ =
p
2
n−1∑
k=1
〈xk, xk〉+
1
2
(
qn
n− 1
−
p
n− 1
)
〈xn, xn〉
+
1
2
(
s
n
−
p
n− 1
+
q
n2 − n
)
〈µ, µ〉+
(
p
n− 1
−
q
n− 1
)
〈µ, xn〉 (35)
where µ is the momentum mapping (8).
The Euler equations with Hamiltonian (35) are
x˙k = [xk, u(x1 + · · ·+ xn−1) + vxn], k = 1, . . . , n− 1,
x˙n = [xn, v(x1 + · · ·+ xn−1)], (36)
where u = s/n− p/(n− 1) + q/(n2 − n) and v = s/n− q/n. In particular, the
set B is a set of integral of the system (36). Whence, the functions F commute
with the Hamiltonian h = hˆ|v of the metric ds
2
p,q. Applying Corollary 2 we
obtain:
Corollary 3 The geodesic flow of the G-invariant Nikonorov’s Einstein metric
on (1) is completely commutatively integrable by means of analytic integrals,
polynomial in momenta.
Note that, restricted to the invariant subspace v = µ−1(0), the equations
(36) take the form
x˙k = [xk, (v − u)xn], k = 1, . . . , n− 1,
x˙n = 0, (37)
x1 + · · ·+ xn = 0.
The generic solution of (37) is given by
xk(t) = Adexp(tξ) x
0
k, x
0
k = xk(0),
ξ = (v − u)(x01 + · · ·+ x
0
n−1), k = 1, . . . , n− 1,
where exp : k→ K is the exponential mapping.
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